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ABSTRACT

This paper proves the circuit transposition theorem using signal-
flow graphs (SFGs). The proof has two advantages: it is construc-
tive, and it is intuitive for engineers who know SFGs. For these
engineers, our technique makes it easy to derive the dual counter-
part of any amplifier and enables them to transpose all linear cir-
cuits without resorting to the circuit transposition tables that were
published in many other papers. Because the main purpose of this
paper is to provide atool for analog circuit analysis and design,
the proof iswritten in tutoria style.

1. INTRODUCTION TO CIRCUIT TRANSPOSITION

A linear circuit E can aways be described by two frequency-
domain equations,

Ax=bU )
Y =c"x 2

where U is the input signal and Y is the output signal. A isthe
(m+n) x (m+ n)-dimensional matrix that contains the coeffi-
cients of a complete set of linearly independent network egqua-
tions describing Kirchhoff’s current law at n different nodes and
Kirchhoff’s voltage law around m different loops. x isan m+ n-
dimensional vector of independent network variables. Vector b
indicates how the input signal is connected to the network, and ¢
describes how the output signal is derived from the network. Nor-
mally, all of them are functions of s, so we omit s for reasons of
brevity. The transfer function of E isthen
Y(s)

T(S) = —

Ol A 1b. €)

The operation of replacing A by AT and swapping b and c is
called circuit transposition. The new circuit E; isdual to E. It has
the transfer function

To=—2=b"(AT) "c. )
Ty can be interpreted asa 1 x 1 matrix and can be transposed like

any other matrix. Trivially, 1 x 1 matrices are not changed by
transposition; thus the following derivation can be made:

Ta=Ta =b" (A) "c= (b7 (AT)*lc)T

- cT((AT)‘l)Tb —cA =T, (5)
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Therefore the transfer function of the dual circuit and the transfer
function of the original circuit areidentical.

Up to here, the discussion was only an exercise in linear al-
gebra, but the most important question has been left unanswered:
what does it actually mean for a circuit if A is replaced by AT
and b and c are exchanged? To answer this question, it is nec-
essary to specify x more precisely. In the literature, x typically
consists of al node voltages and severa branch currents. It can
then be shown by matrix algebra how a concrete circuit can be
transposed, either directly [1] or by way of so-called intermediate
transfer functions [2, 3]. An alternative way to show how a circuit
must be transposed isto start with the more general concept of ad-
joint circuits [4], which also deals with non-linear circuits, and of
which linear circuit transposition isjust a special case.

These proofs are un-intuitive for most engineers and engineer-
ing students, because abstract network theory is scarcely taught
anymore. Today, circuit transposition is often explained by stat-
ing that the passive part of the network does not change and by
giving transposition tables for the active elements in the circuit
(c.f.[1,5-7]). Itisdemonstrated in this paper how the whole prob-
lem can be tackled using signal-flow graphs. This has the advan-
tage that the concept of circuit transposition becomes intuitive for
al engineers who have some understanding of signal-flow graphs
(SFGs) or feedback block diagrams.

In the following, we will first introduce the so-called driving-
point signal-flow graphs (DP SFGs). Then we will define SFG
transposition and show how the circuit corresponding to a trans-
posed SFG can be derived. Finally, we will show that transposing
the DP SFG of acircuit really isthe same as transposing the circuit
itself.

2. DRIVING-POINT IMPEDANCES
AND SIGNAL-FLOW GRAPHS

A new technique to analyse linear networks was presented re-
cently, which combines driving-point impedance analysis with
signal-flow graph (SFG) analysis [8]. We will now explain this
technique by using an example, but in a different way than it was
explained in [8].

Fig. 1 shows an active-RC low-pass filter, consisting of four
passive elements, Ry, Ry, Cq, and C,, and one active element, a
voltage amplifier with gain ay. Its nodes are numbered from 1 to
4. Driving-point analysis, as presented in [8], bases on the follow-
ing simple observation: If a voltage source is connected to node
j and its voltage V; is set such that no current flows through the
source, then nothing changes. This condition can also be expressed
interms of V;: If a voltage source is connected to node j, and if
its voltage V; is set to the node voltage the circuit had before the
source was connected, nothing changes. Note that these auxiliary
sources are essentially controlled sources, since the appropriate
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Figure 1: Voltage-mode Sallen-and-Key lowpass filter
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Figure 3: Current-mode filter

V; depends on the input signal. Nevertheless, the source super-
position theorem is still valid for these specia controlled voltage
sources, since they are chosen explicitly such that they have no in-
fluence whatsoever on the circuit. A formal proof of this statement
expresses the same idea mathematically to show that the super-
position conditions [9] till hold; it is omitted here for reasons of
brevity.

In order to obtain a complete set of node voltages and associ-
ated branch currents, one current must be assigned to every node
voltage. For the nodes with zero node impedance, i.e., the nodes
to which a voltage source or a current sink is connected, the cur-
rent through the voltage source or current sink is chosen. Auxil-
iary voltage sources are connected to all nodes with non-zero node
impedance, e.g., the nodes 2 and 3 in Fig. 1.

Fig. 2 showsthefilter with auxiliary voltage sources connected
to the nodes 2 and 3. Since voltage sources are now present at all
nodes, applying the source superposition theorem is a straightfor-
ward procedure. For example, the current flowing into the auxil-
iary source 2 can be expressed as

1 1 1 1
l,o=Vi-——Vo-| =— +—+5sC Vi3 — +V4-sCy. (6
22 1 R, 2<R1+R2+ 1>+ 3 R2+ 4 1. (6)

By definition of the auxiliary sources, 1,, = 0. If we denote the
sum of currents contributed by all voltage sources but source 2 as
I, then equation (6) can be rewritten as follows:

1 1 -
Vo=1,- E'FE'FSC;L =1,-2Z,
1 2
. 1 1
with |2:V1-f+V3-f+V4~SC1. (7)
R, R,

Z, is called the driving-point impedance at node 2 under the con-
dition that all sources but source 2 are set to zero.

Equation (7) can directly be drawn in form of a signal-flow
graph, shown in Fig. 4. It is obvious from the derivation above
how the branches “belonging” to the auxiliary source connected to
node j are formed:

1. There is one branch from I; to V,. Its weight is Z;, the
driving-point impedance at node k under the condition that
Vi =0foral k # j.

2. For each node k, with k # j, there is a branch from V to
I; if and only if the two nodes are directly connected by
a component. If thisis so, the weight of the branch is the
admittance of the connecting component.

This procedure can easily be repeated for the auxiliary source 3, as
shown in Fig. 5.

Itisstill necessary to describe the amplifier, and how the input

source and the filter output are connected to the circuit:

Va=ayVs, Vi=Vin, Vou=Vs. (8)
The result is shown in Fig. 6. It appears that the variables 1; and
I, are not used at al, but it is good from a didactic point of view
to include them into the signal-flow graph.

Note that the signal-flow graph in Fig. 6 has two loops. It
is also possible, using a different technique, to directly derive
a signal-flow graph for the filter in Fig. 1 which has only one
loop [7]. Then Mason’s gain rule is easier to apply. However,
the technique presented here has two great advantages: it can be
applied to any linear circuit (it is especialy easy to apply it to
Gm-—C filters), and it can be applied mechanically. This makes it
possibleto useit for deriving dual circuits.

3. TRANSPOSITION OF SIGNAL-FLOW GRAPHS

In this section, all the rules for transposing circuits are derived us-
ing only the driving-point signal-flow graph described in the previ-
ous section. The only element of signal-flow graph theory required
for the proof is Mason’s gain rule, which he introduced in [10] and
proved in [11], and which can be found in any textbook covering
signal-flow graphs. It is, in Mason’s notation:

G = 2kl ©
A
A iscalled the graph determinant. It is of the form
A=1-§+S-S+..., (20)

where S, isthesum of al loops, S isthe sum of all products of two
loops without common nodes, and § is the sum of all products of
j loops without common nodes. Gy isthe gain of the k-th forward
path, and A is the part of the graph determinant which contains
only loops that do not have nodes in common with the path Gy.
What G actualy is depends on the signal-flow graph in question.
For example, the gain of the signa-flow graph in Fig. 6 is G =
Vout/ Vin, Which is the voltage transfer function T of the circuit in
Fig. 1.

It can be tedious to evaluate this gain formula for larger cir-
cuits, but for our purpose it is enough to note the following: Two
graphs have the same gain G if

1. they have the same forward paths,
2. they have the same loops,
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3. the topological relations (i.e. common nodes) between the
loops and between loops and forward paths are the same.

When the directions of all branches of asignal-flow graph are
reversed, the forward paths and loops aswell asthe topological re-
lations between them remain unchanged. Therefore the SFG gain
also remains the same. We call this operation the transposition of
a signal-flow graph and the SFG resulting from it the dual SFG.
For example, this means that the graph in Fig. 7 has the same gain
as the dual graph in Fig. 6. Note that nodes formerly describing
voltages describe currents in the dual graph, and vice versa. This
is necessary since the branch weights are not changed, and, e.g.,
an admittance branch must till originate from a voltage node and
lead into a current node. Therefore Gy = lowt/ lin, Which means
that the circuit corresponding to the dua graph in Fig. 7 has the
current transfer function T. It actually is the dual circuit, which
will be shown presently.

3.1. Transposition of the example

To find out what the circuit described by the signal-flow graph in
Fig. 7 looks like, we first note that the new circuit has the same
number of nodes. First to the passive branches: The driving-point
impedances are till present at the same nodes as before the trans-
position. The admittance branch from V; to |y is now leading from
Vi to I;. Thus the admittances between the nodes do not change
either if the circuit is transposed. The passive part remains the
same.

The input voltage source is replaced by a current output, the
voltage output by an input current source. Finally, the gain o, now
points from |4 to |3: the voltage amplifier is replaced by a current
amplifier with a gain of the same absolute value. Note that the

. Figure 4: Equation (7) drawn as a signa-flow
Vout graph

Figure 5: Signal-flow graph branches “belong-
ing” to the two auxiliary sources

Figure 6: Complete signal-flow graph of the cir-
cuitinFig. 2

Figure 7: Transposed signal-flow graph describ-
ing thecircuitin Fig. 3

current direction into the output of a current amplifier is conven-
tionally considered to be positive, but the branch with weight
actually contributes a current into the auxiliary source at node 3,
which flows out of the current amplifier, which thereforehasagain
of oy = —ay. Theresulting circuit is shown in Fig. 3.

3.2. Derivation of transposition rules

The same method can also be applied to only a part of a circuit,
e.g. a single active element: First, the signa-flow graph of the
element isdrawn, then it istransposed, and finally the active device
described by this signal-flow graph is drawn.

Take, for example, the differential difference operational am-
plifier (DDOA) in Fig. 8 (c.f. [12,13]). It amplifies the difference
of two voltage differences. The transpose derived in Fig. 8 is a
balanced current opamp with mirrored outputs. Again, since we
define positive currents as flowing into the output of an active de-
vice, but the signal-flow-graph current is defined as flowing out
of the output of the active device, the signs of the current opamp
outputs are the inverse of the signs of the DDOA inputs.

A second example is the operational floating conveyor (OFC).
It works as follows: the voltage applied to terminal Y is copied to
terminal X. The current flowing into thisterminal isthen amplified
by a very high transresistance rr,,, which gives a voltage at termi-
nal W. Findly, the current flowing into terminal W is copied to
flow out of terminal Z. From this description, the signal-flow graph
of the device followsimmediately, but it isimportant to choose the
current directions correctly. The terminals X and W are a current
sink and a voltage source, respectively, so |, and |3 are positive if
they flow into the OFC. On the other hand, terminalsY and Z are
high-impedance terminals, to which either a current sink, avoltage
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Figure 8: Differentia difference opamp.

source, or an auxiliary source is connected. In any of these three
cases, |; and |, are positive if they flow out of he OFC. Note that
the transpose of this signal-flow graph is identical to the origina
one. Thus the operational floating conveyor is its own transpose,
only the terminals are permuted during transposition, as indicated
by the numbersin Fig. 9. The same is true for other devices, e.g.
the balanced-output OTA and the negative-gain second-generation
current conveyor (CCII1—), but these proofs are |eft to the reader.

One more example: as discussed in [12], the OFC with rp, —
oo approximates afour-terminal nullor. Thusthe OFC can be used
to show that the nullor can be transposed by interchanging nullator
and norator, as shown in Fig. 10. The same could, of course, aso
be done by using the balanced-output OTA with g, — oo.

4. SFG TRANSPOSITION AND
CIRCUIT TRANSPOSITION

We have not yet proved that SFG transposition is the same as cir-
cuit transposition. In general, thisis not necessarily the case, but it
isthe casefor DP SFGs. The proof is straightforward: the voltages
and currents of al nodes occur in the signal vector,

XT = [Vl Vo Va3 V4 11 1 3 |4] . (11)

Then the coefficient matrix can be built by writing down the DP
SFG equations in a systematic way: first the equation describing
the nodes V; to V4, then the equations describing the nodes 1, to
4.

V11 Yi2 Y13 Yia -1 ap a3 ag]
Vo1 Y22 Y23 Yoa @1 —1 a3z a4
Va1 Ya2 Y33 Yaa @1 &2 —1 agy

Va1 Va2 Yaz Yaa 1 &2 a3z —1

A=1T 1 by bz bia 21 zp 723 Z1a (12)

b1 =1 bz s 1 Zo 23 Zoa

b1 bsp —1 b3s Z31 Zp Zz Zza

Dar bar baz -1 Z41 Zap Zuz  Za

where & ; is the weight of the SFG branch going from V; to V;,
b ; is the weight of the SFG branch going from I; to I;, i j is
the weight of the SFG branch going from V; to I;, and 7 ; is the
weight of the SFG branch going from I; to V;. Notethat z; isjust
the driving-point impedance Z;.

It now becomes apparent what transposing A meansfor the DP
SFG: any branch that left V; now enters I;, any branch that entered
V; now leaves |;, and so on. Thisis precisely how the transposition
of a signal-flow graph is defined. The effect of interchanging b
and ¢ on the DP SFG can be investigated in a similar way and

Figure 9: Operational floating conveyor.
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Figure 10: Nullor.

thus confirms that SFG transposition is in fact the same as circuit
transposition.

5. CONCLUSION

In this paper, the driving-point signal-flow graph isused asatool to
transpose networks, but they are also avery efficient and versatile
circuit analysistool which we use in our lectures. [8] explainsthis
important aspect of DP SFGs.
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