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Using equidistant points on a transfer characteristic
to calculate harmonic distortion 

– How can you determine H2 with pen and paper?
(Espley 1933)

– What can be calculated with N equidistant points?

– What are the underlying mathematical principles?

– Which previously open questions does my paper close?

– How can it be applied to speed up simulations?
(Discrete-time analogue circuits)

– What will you find in the paper?

– Conclusion
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HD with pen and paper: Espley 1933
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Can be generalized to N points, e.g., N=5

N=5 lets us calculate:

– 2nd-order distortion

– 3rd-order distortion

– 4th-order distortion

– 3rd-order
intermodulation
distortion

– distortion-induced
offset
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Mathematical principles

Instead of calculating the distortion
for the characteristic itself, we

– choose N equidistant
points on it,

– lay a polynomial through
these points,

– and calculate the distortion
that would be caused if that
polynomial were the 
characteristic.

This means we sustitute A·sin(2πft)
into polynomials to obtain simple
fractions of weighted sums of the yi.
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What has been done with this method

– Espley: graphical determination of HD from a few equidistant 
points on the transfer characteristic (1933/34)

– Medhurst: estimation of the transfer characteristic from a few 
measured distortion values (1966)

– Bruun: using Espley's formulae to obtain simple analytic 
approximations for mismatch-induced distortion (1999)

– Schmid: speeding up distortion simulations (2000)

– Giustolisi, Palumbo: calculating distortion in class-AB stages 
(2003)
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Open questions ... at least until today:

What is the error of using an equidistant-point approximation?

Less than 0.1 dB for harmonic distortions (HDs) of < −30 dB.

Minimum number of points needed for n-th order distortion?

The first odd number greater than n, for HDs <−30 dB.

Would non-equidistant points give better results?

Not for HDs <−30 dB.

Is it better than using a discrete Fourier transform (DFT)?

As a rule of thumb, a 2(n − 1)-point-DFT and an n-equidistant-
point calculation give similar errors.
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Application in simulation I: shorter simulation time

SC-Amplifier with correlated double sampling and digital controller
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Application in simulation I: shorter simulation time

SC-Amplifier with correlated double sampling and digital controller

With equidistant points: 30 Minutes

With optimum (10-point) DFT: 55 Minutes

With recommended (64-point) DFT: 5.4 Hours
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Application in simulation II: Monte-Carlo Simulation
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What you will find in the paper

– The mathematical derivation of the fractions of weighted sums,

– a table of all fractions up to N=9,

– a description of how I evaluated the approximation precision,

– an example of how to use the method for getting simple 
symbolic expressions for harmonic distortion,

– and, of course, references to literature.
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Conclusion: I showed you ...

– a very old and simple method to calculate distortion

– that can be used to speed up simulations
(or make Monte-Carlo simulations feasible)

– that I extended to distortion-induced offset

– and of which I determined the precision of approximation.
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Thank you!       Questions?

Hanspeter Schmid
Institute of Microelectronics
Steinackerstrasse 1
5210 Windisch
Switzerland

Tel +41 56 462 46 25
Fax +41 56 462 46 15

hanspeter.schmid@fhnw.ch

http://www.fhnw.ch/technik/ime/
http://www.schmid-werren.ch/hanspeter/


